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Abstract. Primordial Black Holes (PBH) could be the cold dark matter of the universe.
They could have arisen from large (order one) curvature fluctuations produced during infla-
tion that reentered the horizon in the radiation era. At reentry, these fluctuations source
gravitational waves (GW) via second order anisotropic stresses. These GW, together with
those (possibly) sourced during inflation by the same mechanism responsible for the large
curvature fluctuations, constitute a primordial stochastic GW background (SGWB) that un-
avoidably accompanies the PBH formation. We study how the amplitude and the range of
frequencies of this signal depend on the statistics (Gaussian versus χ2) of the primordial
curvature fluctuations, and on the evolution of the PBH mass function due to accretion and
merging. We then compare this signal with the sensitivity of present and future detectors, at
PTA and LISA scales. We find that this SGWB will help to probe, or strongly constrain, the
early universe mechanism of PBH production. The comparison between the peak mass of the
PBH distribution and the peak frequency of this SGWB will provide important information
on the merging and accretion evolution of the PBH mass distribution from their formation to
the present era. Different assumptions on the statistics and on the PBH evolution also result
in different amounts of CMB µ-distortions. Therefore the above results can be complemented
by the detection (or the absence) of µ-distortions with an experiment such as PIXIE.
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1 Introduction
Massive primordial black holes (PBH) could constitute the dominant component of present
dark matter, thus resolving one of the remaining mysteries of modern cosmology, see Ref. [1]
for a recent review. Several mechanisms have been proposed for their origin and evolution.
The most compelling possibility is related to high peaks in the primordial curvature power
spectrum, that originated from quantum fluctuations during inflation, which backreact on
space-time producing large amplitude curvature fluctuations. These large fluctuations col-
lapse during the radiation era to form black holes with masses of the order of that within the
horizon at reentry. If the peak in the curvature power spectrum is broad, subsequent large
fluctuations enter close to each other and there is a higher probability that nearby horizons
collapse to form PBH, so they are predicted to be clustered today. In this scenario, only a
very small fraction of all causal domains collapse to form black holes. The PBH thus pro-
duced constitute only a small fraction of the total energy density during the radiation era,
but their relative contribution over radiation grows (nearly) as the scale factor, and comes
– 1 –
to dominate at matter-radiation equality. Such PBH could then constitute a considerable
fraction of the present matter component.
The probability of collapse during the radiation era is determined by the amplitude of the
curvature perturbations at reentry. A PBH abundance compatible with that of the present
dark matter requires perturbations that are significantly greater than the ones measured
at the Cosmic Microwave Background (CMB) scales. While, in typical models of inflaton,
CMB modes were generated approximately 60 e-folds before the end of inflation, fluctuations
that can lead to present PBH dark matter were generated around 40-to-20 e-folds before
the end of inflation, depending on the precise PBH mass distribution. Various mechanisms
for producing PBH have been proposed in the literature, including: the use of a scalar
field, coupled to the inflaton, with a symmetry breaking potential, triggering a rapid growth
of modes during inflation [2–4]; from the presence of an inflection point in a single-field
inflationary potential [5–8]; from domain walls [9]; from Q-balls [10, 11]; from sourcing vector
perturbations, amplified by a rolling axion [12–17]; or from multiple stages of inflation with
an intermediate violation of the slow-roll conditions [18].
As a result of these different mechanisms, the amplified density perturbations have
different statistical nature (i.e. single-field inflationary models with special features in the
potential typically obey Gaussian distributions, but the sourced perturbations may have
non-Gaussian, more specifically χ2, properties.) If the source for the amplified quantum
perturbations results from a higher-order interaction, one can have a distribution of the form
ζ ∝ Gn−〈Gn〉, where G denotes a Gaussian probability density function. With higher values
of the exponent n, the PBH production efficiency increases since the probability distribution
function becomes more spread, like in Critical Higgs Inflaton, [5, 6] (i.e. the region under the
tail of the distribution grows). Since PBH are the result of the very end tail of the probability
distribution,1 smaller amplitude curvature perturbations can produce the same amount of
PBH in the case of a non-Gaussian vs. a Gaussian statistics [19].
As noted in Refs. [20–22], scalar and tensor modes couple to each other at second order
in perturbation theory. Even though this coupling is suppressed by the Planck scale, the
enhancement of the scalar perturbations required to produce PBH can induce a significant
amount of gravitational waves (GW). This stochastic GW background (SGWB) is unavoid-
ably present in all models that result in PBH. Its amplitude is very sensitive to both the
amplitude of scalar perturbations and their statistics: for an equal abundance of PBH at
formation, a smaller SGWB is obtained in the case of non-Gaussian vs. Gaussian primordial
curvature modes. The simultaneous detection of the present PBH mass distribution and of
the SGWB signal could therefore provide crucial information on the statistics of these modes,
and can help discriminating between different models for their production.
For definiteness, we compare the case of a localized distribution of PBH masses origi-
nated from a primordial perturbations that obey χ2 statistics (as obtained from the specific
model [16]), vs. the case of a Gaussian distribution. In the former case, we also include the
SGWB produced during inflation by the gauge fields that also source the curvature perturba-
tions, and we find that this dominates over the SGWB produced by the curvature modes at
reentry.2 We focus our attention on two mass ranges where, in light of current uncertainties
1Note that this is not always true since there are scenarios like those of rapid-waterfall hybrid inflation [2]
where the power spectrum is more like a delta function and the tails are suppressed.
2In this work we focus on the GW signals generated in PBH models, before or during the PBH formation.
In addition to the SGWB considered here, massive PBH (massive enough so not to Hawking-radiate away)
can merge during cosmic history and emit GW, generating a unique class of background [23, 24], which could
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on the PBH limits, a distribution of PBH masses could account for the present dark matter.
The most interesting range is that of MPBH ∼ O (10)M (where M ' 2×1033g is the solar
mass), since collisions of PBH in this mass range may be responsible for the GW signals
observed at LIGO [4, 26, 27]. In this case, the SGWB produced at reentry is peaked at
Pulsar Timing Array (PTA) frequencies, fpeak ∼ few nHz, where the experimental sensitivity
is expected to strongly improve with the Square Kilometer Array (SKA) experiment [28].
In this work we show that PTA data can significantly probe this mass range of PBH dark
matter.
The relevance of this SGWB at PTA frequencies has also been recently emphasized in
Refs. [16, 29–31]. The two works [29, 30] study the SGWB sourced at reentry at PTA scales
emerging from different inflationary models, assuming Gaussian statistics of the curvature
perturbations. Ref. [31] computed the peak of this SGWB assuming also Non-Gaussian
statistics, and showing how this leads to a decrease of the GW amplitude (at fixed amount
of PBH). Contrary to the present work, Ref. [31] did not compute the scale dependence of
this SGWB. All these works assume a trivial evolution of the PBH from their formation to
the present time. In our analysis, we stress the fact that this SGWB probes the PBH mass
distribution at the time of its formation. Therefore, as already mentioned in Ref. [16], the
measurement of this signal, together with detailed information on the PBH mass function
today, obtained from frequent BH binary (BHB) mergers and close hyperbolic encounters [32],
can reveal precious information about the PBH evolution and environment.
Another experimental handle that can be used to discriminate between the different
assumptions (statistics of fluctuations and PBH evolution), is given by the amount of CMB
µ-distortions generated in these PBH models [3, 33]. This amount is strongly sensitive on the
amplitude and the scale of the bump in the spatial curvature perturbations. We show that the
detection (or its absence) of a significant µ-distortion in an experiment such as the Primordial
Inflation Explorer (PIXIE) [34] or the Polarized Radiation Imaging and Spectroscopy Mission
(PRISM) [35] can complement what we could learn from the SGWB detection.
The organization of the paper is as follows: In Section 2 we discuss the current bounds
on PBH. In Section 3 we discuss the significance of statistical properties of perturbations
specifically for Gaussian and χ2 distributions. We introduce two models for these distinct
statistics. We devote Section 4 to the detailed analysis of the contributions to the SGWB
from sourced and induced tensor modes produced by these two models. While the production
from a Gaussian distribution has been well studied in the literature, the detailed spectrum
produced in the non-Gaussian model is an original result of this work. In Section 5, we
compare the GW backgrounds of Gaussian and Non-Gaussian models against the expected
sensitivity at PTA and LISA scales. We continue with study of the evolutionary effects in
Section 6. Finally, Section 7 presents our conclusions.
2 Summary of bounds on PBH
The left panel of Figure 1 is a compilation of current bounds on the fraction fPBH of dark
matter in PBH as a function of PBH mass (with the x-axis ranging from 10−15 to 104 M).
Different mass scales have been constrained by different experiments, as we discuss below.
The right panel shows the corresponding limits on the fraction β of regions (of a given size,
become an irreducible GWB for LISA [25]. Furthermore, another class of Stochastic GWB exists due to the
non-spherical collapse of PBH which has a peak around similar frequencies but with smaller magnitude, see
Refs. [1, 31].
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Figure 1. Limits on the present dark matter fraction in PBH, fPBH (left panel), and on the fraction
β of regions that collapse to form a black hole (right panel). See the text for details.
corresponding to a given black hole mass) that collapse to form a black hole (see Eq. (6.1),
with for the relation between fPBH and β). We note that evolutionary effects, such as
PBH accretion from the surrounding plasma, and merging of PBH, are not included when
producing the limits shown in the right panel.3
Let us review the various constraints, from smaller to larger mass. The femto-lensing
(“FL”) line at the lowest masses shown in the figure is due to lack of femto-lensing detection
of Gamma-ray bursts by Fermi [36]. The “Star Formation” limits are obtained from the
capture of PBH dark matter by a star during its formation [37]. As discussed in [38], there
are large uncertainties on these limits, and for this reason we do not include them in our
discussion below, where we assume that this mass window can be compatible with PBH being
a significant fraction, or the totality, of the dark matter. The “Kepler” line is due to the
non-observation of microlensing events at Kepler [39]. The “Micro Lensing” bounds in the
1026 <∼ M(g) <∼ 1035 range come from observations of microlensing events by the MACHO
and EROS Collaborations [40, 41]. Both experiments lasted for about six years, and, as a
consequence, they cannot constrain higher mass objects. The mass range 1035 <∼M(g) <∼ 1037
is mostly constrained by the existence of a stellar cluster near the center of ultra-faint dwarf
galaxy (“UFD”) Eridanus II [42], which has been shown in [43] to be weakened if there is an
intermediate mass black hole of a few thousand solar masses at its center, as the clustered
PBH scenario predicts [1]. Therefore, we do not include this bound in our analysis.4 Finally,
the mass range M(g) >∼ 1035, tagged as “CMB”, is constrained by the lack of spectral
distortions in the CMB spectrum resulting from the radiation emitted due to accretion on
PBH [45, 46].5
3 Gaussian vs. Non-Gaussian Primordial Overdensities
The efficiency of PBH formation is strongly dependent on the statistical properties of the
primordial overdensitites. Therefore, the PBH bounds given in Figure 1 turn into very
different upper bounds for the primordial scalar power spectrum, depending on the assumed
3Namely, we take A =M = 1 in Eq. (6.1); we discuss evolutionary effects in Section 6.
4The non-observation of wide binary disruption results in a weaker limit in this mass range [44].
5Ref. [46] improves the analysis first conducted in Ref. [45]. The analysis of [46] obtains two different limits,
depending on different assumption on the effects of the radiation emitted by the PBH on the surrounding gas;
we assume the less stringent between these two limits.
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Figure 2. PBH limits on the power spectrum of the primordial scalar perturbations, assuming that
the perturbations obey a Gaussian (solid line) vs. a χ2 (dashed line) statistics. The limits are obtained
from the right panel of Figure 1, using Eqs. (3.1). We note that the power spectrum is much more
constrained in the case of a χ2 statistics, as the perturbations in the tail of the distribution lead to a
greater amount of PBH with respect to the Gaussian case.
distributions of the perturbations at those scales. For instance, the fraction β of causal
regions collapsing onto primordial black holes is related to the power Pζ of primordial scalar
perturbations by [47, 48]
β (N) =

Erfc
(
ζc√
2Pζ(N)
)
, Gaussian statistics ,
Erfc
(√
1
2 +
ζc√
2Pζ(N)
)
, χ2 statistics ,
(3.1)
where ζc is the threshold for collapse and Erfc (x) ≡ 1− Erf (x) is the complementary error
function (see for instance Appendix A.2 of [16] for a detailed discussion of the above relations).
In these relations, N denotes the number of e-folds before the end of inflation at which the
density mode that eventually collapses to form a PBH left the horizon during inflation. It is
related to the PBH mass through Eq. (A.2).
A given value of β corresponds to a very different power in the two cases considered
in (3.1). The term 1/2 in the argument of the second complementary error function can be
disregarded for ζ2c  Pζ , which is always satisfied to very good approximation, leading to
Pζ(χ2) '
2
ζ2c
P 2ζ (G) . (3.2)
This equation relates the values of the power in the two cases that results in the same value
of β. Using Eqs. (3.1) we can translate the bounds given in Figure 1 into bounds on Pζ . The
resulting limits are shown in Figure 2. The two lines satisfy the relation (3.2) with great
accuracy.
Different inflationary mechanisms considered in the literature leading to PBH are char-
acterized by different statistics of the scalar perturbations. For instance, the perturbations
are Gaussian in the mechanism of Ref. [6], where a suitable inflaton potential provides an
enhanced scalar spectrum at some specific scale in a model of single-field inflation. In the
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case of hybrid inflation models of PBH production [2, 3], the statistics of the peak fluctua-
tions deviates from Gaussian due to quantum diffusion. On the other hand, a χ2 statistics
is obtained in the mechanism of scalar field perturbations arising from the coupling between
a rolling axion (different from the inflaton) and a vector field during inflation [16, 49]. The
motion of the axion induces a gauge field amplification, that in turn sources scalar primor-
dial perturbations and primordial gravitational waves. The axion is assumed to roll only for
a finite amount of e-folds ∆N during inflation, resulting in amplified scalar perturbations
only at the scales that left the horizon during this period. This provides a localized “bump”
in the primordial perturbations, with a width related to the model parameter ∆N . These
perturbations are not statistically correlated with the vacuum ones (those produced by the
expansion of the universe in the absence of this axion-gauge field coupling), resulting in a
primordial scalar power spectrum of the form [49]
Pζ = P
vac
ζ (kCMB)
(
k
kCMB
)ns−1
+ Ps,peak × exp
[
− ln
2 (k/ks,peak)
2σ2s
]
. (3.3)
In this expression, the first term is the power spectrum of the vacuum perturbations, for which
we assume a standard power-law scaling, with amplitude and tilt given by CMB observations.
The second term is the sourced signal resulting from the axion-gauge field coupling. It is
characterized by three parameters: the position of the peak in (comoving) momentum space,
the height of the signal at the peak, and the width. The sourced scalar perturbations are
assumed to be dominant around ks,peak, but negligible away from it (in particular, they are
negligible at CMB scales). They are responsible for the formation of PBH, since the vacuum
signal is too small.
The gauge field also sources a “bump” in the tensor perturbations, resulting in a GW
power spectrum
PGW = P
vac
GW (kCMB)
(
k
kCMB
)nt
+ Pt,peak × exp
[
− ln
2 (k/kt,peak)
2σ2t
]
. (3.4)
This expression is analogous to Eq. (3.3), and the position and width of the scalar and tensor
bump are comparable to each other. In Appendix B we summarize the model of Ref. [49] and
the precise relations between the model parameters and the scalar and tensor power spectra.
We denote this model as the “rolling-axion bump model”. The two key points for
the phenomenology of this model are that (i) the scalar perturbations obtained from this
mechanism obey a χ2 statistics; (ii) the bump in the scalar spectrum is accompanied by a
correlated bump in the tensor spectrum. To assess the relevance of these two features we
compare results obtained for this model with results for a model in which:
1. scalar perturbations have a power spectrum still given by Eq. (3.3), but obey Gaussian
statistics;
2. there is no corresponding bump in the tensor spectrum. Namely the tensor perturba-
tions obey Eq. (3.4) with Pt,peak = 0.
For brevity we denote this model as the “Gaussian bump model”.
– 6 –
⇣⇣
hi
=) hi
⇣
⇣
hi
Figure 3. Diagrammatic expression for the GW induced by scalar perturbations in the Gaussian
bump model.
4 Primordial vs. Induced Gravitational Waves
We identify three distinct populations of GW associated with PBH.6
In order of their formation, they are:
1. The GW produced during inflation by the same mechanism that produces the enhanced
scalar perturbations that later become PBH at reentry. We refer to this population as
the “primordial GW”, and we denote it as hp.
7
2. The GW sourced by the enhanced scalar perturbations. This gravitational production is
maximized when the scalar modes re-enter the horizon during the radiation dominated
era. We refer to this population as the “induced GW”, and we denote it as hi.
3. The GW produced by the merging of PBH binaries, since formation until today [23, 24].
In this work we study the first two populations, in the context of the Gaussian bump
model and of the rolling axion bump model introduced in the previous section.
The Gaussian bump model assumes that no significant primordial GW are produced.
The induced GW are produced by the scalar curvature modes through standard nonlinear
gravitational interactions, through a process diagrammatically shown in Figure 3. The gravi-
tational interaction is schematically of the type hζ2, where h is a tensor mode of the metric
(the GW) and ζ is the scalar curvature (in this schematic discussion we do not indicate the
tensorial indices, nor the spatial derivatives acting on ζ, which characterize the interaction).
The tensor mode sourced by this interaction obeys a differential equation that can be solved
through a Green function, G (η, η′), schematically described as
hi (η) =
∫ η
dη′ G
(
η, η′
)
ζ
(
η′
)
ζ
(
η′
)
, (4.1)
where η is (conformal) time, and where the right hand side contains also a convolution in
momenta. This leads to a contribution to the GW power spectrum, schematically as
〈hi (η)hi (η)〉 =
∫ η
dη′
∫ η
dη′′ G
(
η, η′
)
G
(
η, η′′
) 〈
ζ
(
η′
)
ζ
(
η′′
)〉 〈
ζ
(
η′
)
ζ
(
η′′
)〉
. (4.2)
6In addition to the signals considered here, there is also the stochastic background from the non-spherical
collapse of PBH [1]. This background can be estimated as Ωnsc, 0 = E ·β ·Ωrad,0, where E indicates the efficiency
of converting the horizon mass during formation of PBH to GW and β is the fraction of causal domains that
collapse into a PBH. Using the bound β <∼ 2 × 10−8, from Figure 1, we can estimate Ωnsc, 0 h2 <∼ 10−12 · E ,
which is much smaller than the signals studied here, and thus is ignored.
7These are not the vacuum tensor fluctuations produced during quasi-de-Sitter inflation, which are negli-
gible on these scales.
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Figure 4. Primordial and induced GW in the rolling axion bump model.
The two expressions (4.1) and (4.2) are diagrammatically shown in Figure 3.
Adding up the two GW polarizations (the induced GW is not polarized, since it is
sourced by the scalar ζ), the total explicit expression corresponding to (4.2) is [21]
Phi(η, k) =
32
81
k
η2
∫ η
0
dη′
∫ η
0
dη′′
∫ ∞
0
dp
∫ 1
−1
dz
p3
(
1− z2)2
|k− p|3 Pζ(p) Pζ(|k− p|)
× η′ η′′ sin(kη − kη′) sin(kη − kη′′)FT (p η′, |k− p| η′)FT (p η′′, |k− p| η′′) ,
(4.3)
where p is the loop momentum, z is the cosine of the angle between k and p, and where
FT (u, v) = 2T (u)T (v) + T˜ (u)T˜ (v) , (4.4)
with
T (u) =
9
u2
[
sin(u/
√
3)
u/
√
3
− cos(u/
√
3)
]
, T˜ (u) =
3
u2
[
(u2 − 6) sin(u/√3)
u/
√
3
+ 6 cos(u/
√
3)
]
.
(4.5)
Let us now turn our attention to the rolling axion bump model. In this case, both
primordial and induced GW are present. Figure 4 shows how the GW are produced from the
vector field A amplified by the rolling axion. The primordial GW are produced by the vector
fields during inflation. The autocorrelation 〈hphp〉 is of the form (3.4). This correlator was
computed in [16, 49], and it is given by the first diagram of Figure 5.
The induced GWB is produced during the radiation dominated era (mostly at horizon
re-entry) by the scalar perturbations that were sourced by the vector fields during inflation.
The induced GW signal in this model was never computed, and it is one of the original
results of the present work. Due to the fact that both hp and hi originate from the vector field
perturbations, the total power spectrum 〈(hp + hi)2〉 contains also a mixed-term contribution,
given by the second and third diagram of Figure 6.
The presence of hp therefore provides additional contributions to the GW power, that
are typically disregarded in works of GW from PBH. Disregarding this signal may not always
be a proper assumption, since the production of PBH required a mechanism that enhances
the scalar perturbations during inflation, and this mechanism can in principle enhance also
the primordial GW. The relevance of hp over hi is particularly important in the case in which
the scalar perturbations obey Non-Gaussian statistics, as we will show below. The reason for
this is that PBH bounds constrain the scalar power much more in the case of Non-Gaussian
vs. Gaussian statistics (see Figure 2). This then limits the amount of induced GW which are
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hi hp
Figure 5. One and two-loop contributions to the GW signal in the rolling axion bump model. These
diagrams give the amplitude of the primordial GW, and of the cross-correlation with the induced
GW. Intermediate solid (resp. wiggly) lines represent scalar (resp. gauge field) perturbations.
hi hi
+
hi hi
+
hi hi
Figure 6. Auto-correlation of the induced GW signal in the rolling axion bump model. Intermediate
solid (resp. wiggly) lines represent scalar (resp. gauge field) perturbations.
sourced by these scalar modes. In fact, we will see that hp dominates over hi in the rolling
axion bump model.
Even if we ignore hp, the study that we perform here constitutes, to the best of our
knowledge, the first attempt to fully compute the 〈hihi〉 auto-correlation in a Non-Gaussian
model, where the source of the enhanced scalar perturbations is completely specified. In
the previous literature, when studying the induced GW in the context of PBH formation,
the scalar perturbations are typically assumed to be Gaussian, so that the source term
〈ζ4〉 in 〈hihi〉 =
∫
dη′dη′′G2
〈
ζ4
〉
can be written as the product of two point functions P 2ζ ,
see Eq. (4.3). In the present context, this Gaussian contribution corresponds to just the
first diagram of Figure 6. The other two diagrams only emerge when a concrete model is
considered, and analogous additional diagrams could be present also for different concrete
mechanisms, where e.g. more fields are involved.
In general, the 4-point correlator
〈
ζ4
〉
cannot be expressed completely in terms of prod-
ucts of 2-point correlators
〈
ζ2
〉
, and the expression (4.3) must be replaced by 8
Phi(η, k) ≡
k3
2pi2
∑
λ=±
〈hi,λ(k)hi,λ(−k)〉′
= 2× 64
81
1
2pi2
k
η2
∫
d3p d3q
(2pi)3
p2
sin2 θkp
2
q2
sin2 θk′q
2
∫ η
0
dη′
∫ η
0
dη′′ η′ η′′ sin(kη − kη′)
× sin(k′η − k′η′′) FT (p η′, |k− p| η′) FT (q η′′, |k′ − q| η′′)
〈
ζˆp ζˆk−p ζˆq ζˆk′−q
〉′
,
(4.6)
where FT , T and T˜ are given in Eq. (4.5) and cos θkp = kˆ · pˆ. Evaluating the
〈
ζ4
〉
correlator in
the rolling axion bump model gives rise to the three diagrams shown in Figure 6. The three
diagrams are evaluated in Appendix D. We denote the first diagram as “Reducible”, since in
this case the
〈
ζ4
〉
correlator can be reduced to the product of two scalar power spectra. Using
8A prime on a correlator denotes the correlator divided by the corresponding Dirac δ-function.
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the analytic result (3.3) for the scalar power spectra, this diagram can be evaluated through
a one-loop computation. The other two diagrams, which we denote, respectively, as “Planar”
and “Non-Planar”, must instead be evaluated through a 3-loop computation. We evaluate
them under the approximation of “zero-width” gauge modes, namely ~A (~p) ∝ δ (|~p| − pc),
where pc is the momentum at which the exact amplitude (D.1) of the gauge fields is peaked.
Each diagram is therefore proportional to 4 δ-functions, reducing the number of integration
variables, and allowing for a reliable evaluation of the integral.
The results of these diagrams are presented,9 in the red, green, and blue lines respec-
tively of Figure 7. For the Reducible diagram, we show both the exact (obtained using the
exact gauge field modes) and the approximated (using the “zero-width” approximation) re-
sult. This allows one to quantify the goodness of the approximation: the signal has a peak
which is about 2 times greater than the exact one, and centered at a value of k which is
about 2 times smaller than the exact one. We therefore expect the approximate results to
provide a reliable estimate of the exact ones, up to order one factors.
The total GW spectrum is given by the sum of the auto-correlator Phi , that we just
discussed, the auto-correlator Php , given in Eq. (3.4), and the cross-correlation between the
+ polarizations of both primordial and induced waves
P pih (η, k) ≡
k3
2pi2
〈hi,+(k)hp,+(−k) + hp,+(k)hi,+(−k)〉′
=
16
9
1
2pi2
k2
η
∫
d3p
(2pi)3/2
p2
sin2 θkp
2
∫ η
0
dη′η′ sin(kη − kη′)FT (p η′, |k− p| η′)
〈
ζˆp ζˆk−p hˆp,k′
〉′
.
(4.7)
The mixed-term corresponds to the second and third diagram of Figure 5, and it is evaluated
in Appendix E, from a two-loop computation that uses the exact expression (D.1) for the
gauge field modes). The result is also shown in Figure 7 (where we show it multiplied by −1,
as the cross-correlation is negative, and the plot has logarithmic axes). As can be seen from
the figure, the total GW power spectrum is dominated by the primordial one. The Reducible
and Planar diagrams provide contributions comparable to each other, which are about 10%
of the primordial power spectrum. The Non-Planar diagram, and the cross-correlation term,
are further suppressed.
As mentioned above, the “zero-width” approximation squeezes the GW spectrum at
smaller frequencies than the exact one, due to the fact that, if we assume that all gauge field
momenta are precisely pc, it provides a sharp cut-off on the maximum possible frequency of
the produced GW. Therefore, we cannot use this approximation to infer the precise spectrum
of the total GW signal, and the broadening of the total GW signal at small frequencies visible
in Figure 7 should be understood as an artifact of the approximation. We also note that
the log-normal shape (3.4) of the primordial GW power spectrum is a fit which is extremely
good at the peak of the sourced signal, but which does not appropriately fit the tail of the
bump [49]. We verified that the IR tail of the bump scales as k3.
9The background inflationary evolution assumed in the computation leading to these results is characterized
by the slow roll parameters  = 6.25 × 10−4 (giving the tensor-to-scalar ratio r = 0.01 at CMB scales) and
η = −0.015 (giving the Planck [50] central value ns ' 0.965). We then choose δ = 0.2 in the axion potential,
and ξ∗ = 5.1 (see Appendix B). The axion evolution is chosen so that the axion acquires maximum speed
at about 40 e-folds before the end of inflation, producing a peaked GW signal at PTA frequencies. The
main conclusions of this study (namely, the hierarchy between the various GW signals shown in Figure 7) are
unchanged if the spectrum is peaked at different scales, as we discuss at the end of this section.
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Figure 7. Comparison of the various contributions to the total GW power spectrum in the rolling
axion bump model. Solid lines indicate exact results, obtained using gauge fields mode functions
(D.1). Dashed lines indicate approximate results, obtained using a “zero-width” approximation of the
gauge mode functions (the dots indicate the values at which the computation has been performed,
and the dashed lines interpolate between these values).
More in general, the ratio between the induced and the primordial GW PS is an in-
creasing function of the peak amplitude of the gauge field modes,
Phi
Php
∝ 〈ζ
4〉
〈A4〉 ∝
〈A8〉
〈A4〉 . This
amplitude grows exponentially with the parameter ξ∗ (see Appendix B). A growing gauge
field amplitude also increases the primordial scalar perturbations, Pζ ∝
〈
A4
〉
, which is lim-
ited by the PBH bounds given in Figure 2. In Figure 7 we chose ξ∗ = 5.1, which is the largest
value allowed by the PBH limits on ξ∗ for a bump at the chosen scale. We find that
Phi
Php
could be of order one only for an increase in gauge field production that would lead to an
increase of the scalar power spectrum by about a factor of 10. This would violate the PBH
bounds at all scales shown in Figure 2. We conclude that in the rolling axion bump model,
the primordial GW always dominate over the induced ones. 10
5 Stochastic GW spectra as a probe of PBH dark matter
We now use the results of the previous section to understand what can be learned from the
observation of a bump of primordial and induced GW associated with the PBH. We divide
the discussion into two Subsections, devoted to the study of a signal at PTA and at LISA
scales, respectively.
10While in this section we have fixed δ = 0.2, in the following sections we consider cases with greater δ. As
seen in [49] the ratio between primordial GW and primordial scalar perturbations is an increasing function of
δ. Therefore the induced GW are subdominant in all the rolling axion cases studied in this paper.
– 11 –
FPBH~1.
CMB
Micro Lensing
1 10 100 1000
10-4
0.001
0.01
0.1
1
MM
f P
B
H
HM
L
Figure 8. Example of a distribution of PBH masses that satisfies the current PBH bounds and that
can account for the present dark matter of the universe, FPBH ≡
∫
dM/M fPBH (M) = 1. The distri-
bution has a shape as obtained from the rolling axion bump model [16, 49], which is well approximated
by a log-normal distribution close to the peak, fPBH (M) =
1√
2pi σ
exp
(−(lnM/Mpeak)2/(2σ2)). The
distribution shown in the Figure is characterized by M ' 83M and σ ' 0.42, in a window where
the PBH bounds are weakest. This distribution is used in producing the GW signals shown in Figs. 9
and 12.
5.1 GW at PTA scales
PTA measurements are most sensitive at frequencies f ∼ few nHz. GW modes of such
frequencies originate from scales that left the horizon about N ∼ 40 e-folds before the end of
inflation (as can be immediately seen by combining Eqs. (5.3) and (A.2)). From Eq. (A.2),
we see that scalar overdensities produced at N ∼ 40 e-folds collapse into primordial black
holes of mass M ∼ O (10)M. Therefore, as already pointed out in [16], PTA measurements
can provide useful information on PBH of such masses.
We quantify this in the context of the Gaussian vs. Non-Gaussian (rolling axion) bump
models studied in the previous sections. In Figure 8 we show a distribution of current PBH
masses, that saturates the PBH limit in this mass range and that constitutes all of the dark
matter of the universe,
FPBH ≡
∫
dM
M
fPBH (M) = 1 . (5.1)
In the left panel of Figure 9 we show the bump in the primordial scalar curvature required to
produce this distribution, both in the case of the Gaussian peak and of the rolling axion peak
models.11 We note that the required distribution of Pζ in the Non-Gaussian case is much
smaller, and narrower, than the required distribution in the Gaussian case. Nevertheless,
they result in the same fPBH (M), due to the very different relations (3.1) for the PBH
formation fraction β.
In both models, this bump in the scalar modes is accompanied by a GW bump at
PTA frequencies. In the Gaussian bump model, the GW signal is sourced by the scalar
perturbations at horizon re-entry. In the Non-Gaussian rolling axion bump model (denoted
as χ2 in the figure), the GW signal is dominated by the primordial GWB produced during
inflation, by the same mechanism that produced the bump in the scalar modes. As we already
discussed in the previous section, we stress that the induced GW signal is much smaller in
11We stress that this discussion ignores any possible merging and accretion of the PBH after their formation.
For a proper discussion, see the next section.
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Figure 9. Left panel: Bump in the primordial scalar perturbations that saturates the PBH bound
at PTA scales. Right panel: Corresponding bump in the stochastic GW background, compared with
current (“PTA”) and forthcoming (“SKA”) limits. The blue solid (resp., red dashed) curves refer to
the Gaussian bump model (resp., the rolling axion bump model, for which we chose ξ∗ = 5.59 and
δ = 0.4).
the Non-Gaussian vs. the Gaussian model, since the PBH bound on the scalar perturbations
is much more stringent in the former case (a more constrained ζ implies a more constrained
induced ζ + ζ → hi signal).
The magnitude of this GW signal is shown in the right panel of Figure 9, where it
is compared with the present PTA bounds [51–53], as well as the forecast bounds for the
forthcoming Square Kilometer Array (SKA) experiment [28, 54]. While consistent with the
current bounds, both models produce a GW signal well within the reach of SKA.
Besides the PBH limit shown in Figure 2, the spatial curvature perturbations are also
constrained by µ and y CMB distortions. Of relevance for the present discussion, see also
Ref. [3], the µ distortion is given by [55, 56]
µ ' −3× 10−9 + 2.3
∫ ∞
k0
dk
k
Pζ (k)
exp
−
[
kˆ
1360
]2
1 +
[
kˆ
260
]0.3
+ kˆ340
− exp
−[ kˆ
32
]2
 , (5.2)
where kˆ = kMpc and kˆ0 = 1. In this expression, the primodrial curvature power spectrum
is multiplied by a window function with its main support at wavenumbers 50 <∼ kˆ <∼ 2× 104.
Assuming NCMB = 60 at the scale kˆCMB = 0.002, this corresponds to modes that left the
horizon between approximately 45 and 50 e-folds before the end of inflation.12 The Gaussian
and χ2 distribution shown in Figure 9 lead, respectively, to the distortion µ ' 3.6 × 10−5
and 3× 10−8. Both values are below the current bound |µ| <∼ 10−4 from the COBE / FIRAS
experiment [57, 58]. The CMB distortion obtained in the Gaussian bump model is well within
the reach of a PIXIE-like experiment, which has an estimated sensitivity |µ| = O (10−7) [59].
The rolling axion model leads instead to a value below this sensitivity, and only slightly
greater than the scale invariant case (a scale invariant spectrum corresponding to that of
Figure 9, with no bump, leads to µ ∼ 10−8).
We also see from the figure that the Gaussian bump model results in a much greater
GW signal than the rolling axion bump model, and that the Gaussian bump case shown in
12On the other hand, y-distortions are mostly sensitive to modes 1 <∼ kˆ <∼ 50, which roughly corresponds to
50 <∼ N <∼ 54. These scales are significantly larger than those considered in this work.
– 13 –
FPBH~0.16
FPBH~1.
0.1 1 10 100 1000
10-4
0.001
0.01
0.1
1
MM
f P
B
H
HM
L
PTA
SKA
10-11 10-10 10-9 10-8 10-7 10-6
10-16
10-14
10-12
10-10
10-8
10-6
fHz
W
G
W
h
2
Figure 10. Dependence of the PTA constraints on the PBH mass distribution. The PBH mass
distribution shown in Figure 8 (in blue solid lines) is compared here with a distribution peaked at
smaller PBH mass (in green dashed lines). The GW signal produced by this second distribution is
ruled out by the present PTA data. Both models shown in this figure assume a Gaussian statistics.
the figure is only barely compatible with the present bounds. It is therefore important to
understand how this conclusion is affected if we modify the PBH distribution with respect
to the one shown in Figure 8. The most important factor in this discussion is the relation
between the peak frequency of the GW signal and the peak mass of the PBH distribution.
From Eq. (A.1) we see that the PBH mass M is related to the peak frequency of the scalar
perturbations (f = k/2pi) by
M ' 50 γM
(
10−9 Hz
f
)2
. (5.3)
The peak frequency in the scalar and GW signal are equal to each other, up to an order
one factor. Therefore, the peak frequency of the GW signal potentially detectable in PTA
experiments scales with the peak mass of the PBH distribution as fpeak ∝M−1/2peak .
In Figure 10 we compare the GW signal generated by the Gaussian bump model de-
scribed above with that generated by a different Gaussian bump model, peaked at a smaller
PBH mass. More precisely, the second model (shown in dashed green lines in Figure 10)
is peaked at M ' 2M, a factor ∼ 41 smaller than the peak value M ' 83M, of the
first model (shown in solid blue lines). The second model produces a GW signal peaked at
f ∼ 2.3 nHz, in a region where the PTA bounds are strongest. This frequency is a factor
∼ 6.2 greater than the peak frequency f ∼ 0.37 nHz of the GW signal generated in the first
model, in very good agreement with the fpeak ∝ M−1/2peak scaling. Despite the fact that the
second PBH distribution only accounts for ∼ 16% of the dark matter of the present Universe,
the shift in frequency causes it to be already ruled out by the PTA data.
It is also important to stress that the examples studied in Figures 9 and 10 assume
ζc = 1 in Eq. (3.1). This quantity is the estimated threshold that a scalar perturbation must
reach in order to form a PBH. Theoretical and numerical studies [60–64] indicate that this
quantity is ζc = O (0.05− 1). Since the amount of PBH is controlled by the ratio
√
Pζ/ζc, a
decrease of ζc by a factor r leads to the same PBH abundance provided that Pζ is decreased
by r2. This effect decreases the GW signal by r2 in the rolling axion bump model (in which
both Pζ and PGW are proportional to the same power of the sourcing fields), and by r
4 in
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Figure 11. Left panel: Bump in the primordial scalar perturbations that saturates the PBH bound
at LISA scales. Right panel: Corresponding bump in the stochastic GW background. The blue solid
(resp., red dashed) curves refer to the Gaussian bump model (resp., the rolling axion bump model).
the Gaussian model (in which PGW ∝ P 2ζ ). Therefore, for all values of ζc = O (0.05− 1), the
GW produced by these models will be testable at PTA-SKA frequencies.
We conclude that a significant dark matter component in the form of PBH with masses
in the range M ∼ 1−100M is compatible with the current PTA bounds for the rolling axion
bump model, and barely compatible or excluded for the Gaussian bump model, depending on
the precise peak PBH mass and on the value of the threshold parameter ζc. The forthcoming
improvement of several orders of magnitude on the PTA bounds from the SKA experiment
will allow to conclusively probe both models. In Section 6 we discuss how this conclusion is
modified by a nontrivial evolution (via accretion and merging) of the PBH distribution after
their formation.
5.2 GW at LISA scales
Here we study the implications of LISA measurements on the PBH physics. The LISA
experiment will be most sensitive at frequencies f ∼ few mHz, see Ref. [25]. This corresponds
to modes that left the horizon about N ∼ 25 e-folds before the end of inflation. From
Eq. (A.2), we see that scalar overdensities produced at N ∼ 25 collapse into primordial
black holes of mass M ' few× 10−12M. Therefore, LISA measurements can provide useful
information on PBH of such small masses.
Analogously to the previous subsection, in the left panel of Figure 11 we show a bump
in the primordial curvature perturbations that saturates the present PBH bounds, given by
neutron star capture [65]. The curves shown in the Figure correspond to a present PBH
dark matter fraction equal to one (this mass range was also recently considered in Ref. [66]).
In the right panel of Figure 11 we show the corresponding bump in the GW spectrum, as
compared with the forecasted LISA sensitivity curve “N2A2M5L6” 13 given in Ref. [25].
As seen from the right panel, the GW signal from the Gaussian model (resp., from the
rolling axion model) is about five orders of magnitude (resp., three orders of magnitude)
stronger than the best sensitivity curve of LISA. As discussed in the previous subsection,
the GW signal can be decreased, while keeping the same amount of PBH, if the threshold
for formation ζc is lowered with respect to the value ζc = 1 assumed in Figure 11. We find
13This is the sensitivity curve, among those considered in Ref. [25], that is expected to be the closest to the
final LISA configuration. We thank Chiara Caprini for discussions.
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that the GW signal is below the LISA sensitive curve only for ζc <∼ 0.07 in the Gaussian
bump model, and for ζc <∼ 0.03 in the rolling axion bump model. Therefore, if PBH in the
mass range M ∼ 10−12M constitute a significant fraction of the dark matter, the associated
stochastic background of primordial or induced GW produced by the bump models will be
observed by LISA.14
6 Evolution of the PBH Mass Function
In this section we discuss the effect of accretion and merging on the PBH mass function,
and how they can impact the observation at PTA scales of the primordial and induced GW
signal studied in the previous sections. In appendix F we obtained the present time (t0) PBH
fraction
fPBH (M, t0, A,M) ' 6.7× 108 γ1/2A
√
AMM
M
β
(
M
AMM
)
. (6.1)
This relation was derived in [67] in the case of no accretion (A = 1) and no merging (M = 1)
of the PBH after their formation. The coefficient A in (6.1) accounts for the fact that
the surrounding plasma can accrete a PBH after its formation. We parametrize this by an
increase of each individual PBH mass, Mf → M = AMf , from its formation value Mf
to its present value M , and by an overall increase of the total energy density in PBH (see
Eq. (F.7)). The coefficientM instead accounts for the shift of the PBH distribution towards
greater mass due to merging of individual PBH, Mf →MMf , without increasing the overall
energy density. As a combined effect, the peak of the PBH distribution moves according to
Mf →M = AMMf , (6.2)
so that a distribution that was originally a function of Mf becomes a function of M/AM,
while the overall integral fPBH =
∫
dM/M fPBH(M) = ρPBH/ρCDM increases by the factor A.
This rough parametrization does not account for the fact that, in reality, different PBH
masses will merge and accrete differently, and that this will in general change the shape of
the original distribution. This distortion will be subdominant if the PBH initial distribution
is sufficiently peaked (since in this case, only one mass scale is relevant). As we now discuss,
the main impact of accretion and merging on PTA observations is simply due to a shift of
the PBH peak mass (6.2), and the precise shape of the final PBH distribution plays a far less
relevant role.
This can be understood from the examples shown in Figure 12. In the left (respectively,
right) panel of the figure we assume the Gaussian bump (resp., rolling axion bump) model,
namely a Gaussian (resp., χ2) statistics for the primordial perturbations. In each figure the
PTA limits are compared with three GW distributions, obtained in the case of trivial PBH
evolution (red curve, M = A = 1), of very strong merging and no accretion (blue curve,
M = 105 and A = 1), and of very strong accretion and no merging (purple curve, M = 1
and A = 105). We expect that realistic amounts of accretion and merging should lie between
these extreme cases. The GW signals are obtained as follows. In all cases we assume a present
14The star formation limits of [37] are compatible with a PBH dark matter fraction of O (10−4). The
bounds on Pζ shown in Figure 2 change very slowly with fPBH (as can be understood from Eq. (3.1). See for
instance Figure 9 of [16]). As a consequence, even FPBH = O
(
10−4
)
would result in a visible GW signal at
LISA.
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Figure 12. Primordial and induced GW obtained from different models that lead to the current
PBH distribution shown in Eq. (8). The various models differ for the assumed statistics of the
primordial curvature and for the amount of merging (M) and accretion (A) of the black holes after
their formation.
PBH mass function given by Figure 8. This present distribution is peaked at M ∼ 83M,
and it accounts for all the dark matter of the universe. We then find the corresponding value
for the PBH fraction at formation β, according to Eq. (6.1), accounting for the different
values of M and A that characterize each case. We then compute the primordial curvature
power spectrum Pζ leading to this fraction, in the two different cases of Gaussian vs. χ
2
distribution. Finally, we compute the corresponding amount of primordial and induced GW
associated with this distribution. The various GW signals obtained in this way are plotted
in the various curves of Figure 12. 15
The main feature that emerges when comparing the merging or accretion cases with the
trivial evolution case is the increase of the peak frequency of the GW signal. The reason is
the following: the distribution (8) probes the current PBH mass M . On the contrary, the
primordial and induced GW signals shown in Figure 12 depend on the PBH formation mass,
Mf = M/AM. This decreased mass results in an increase of the frequency of the GW signal
by
√AM, due to the f ∝ M−1/2f scaling discussed after Eq. (5.3). This shift of the GW
distribution is the main factor in determining whether the GW signal can be probed at PTA
scales. We see that, for the case of a χ2 bump, an accretion or a merging of a ∼ 105 factor
would shift the GW signal towards too high frequencies to be observed in these experiments.
The Gaussian model results instead in a greater and wider GW signal, that can be observed
at PTA scales also for these large amounts of accretion and merging.
It is also interesting to compare the signal in the case of accretion and no merging, vs.
the case of merging and no accretion. In the case of only accretion, the primordial signal must
have a smaller amplitude with respect to the case of only merging. This results in smaller
primordial and induced GW, as clearly visible in the figure. The difference in the amplitude
of the two signals is however rather limited. This is due to the strong sensitivity of the PBH
abundance to small changes of the primordial curvature (see Eq. (3.1) of the present work,
and Figure 9 of [16]). If we want to produce the same PBH abundance today, a 105 accretion
requires that the initial PBH abundance is decreased by a 105 factor. This however only
requires a small decrease of the primordial curvature spectrum, so that the primordial and
15We find that the width of the χ2 distributions are δ ' 0.4 in the case of trivial evolution, δ ' 0.3 in the
case of strong merging, and δ ' 0.2 in the case of strong accretion. The width of the each gaussian bump is
given by the width of the corresponding χ2 distribution times
√
2.
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induced GW signals decrease by less than one order of magnitude.
Finally, let us comment on the µ-distortion obtained in the case of large accretion and/or
merging. At equal present PBH distributions, large accretion and merging imply a smaller
formation mass Mf . This in turn implies a shift of the primordial curvature modes to smaller
scales (A.1), and a later formation time (smaller number of e-folds N) during inflation (A.2).
For the cases ofM = 105 and A = 105 studied in this section, we find that, due to this shift,
the bump does not induce additional µ-distortions with respect to a scale invariant spectrum.
To conclude, the main effect of merging and accretion on the detectability of the GW
signal at PTA scales is related to the fact that they increase the frequency of the GW signal
by the collective
√AM factor. For realistic values of merging and accretion, we expect that
a significant PBH distribution of O (10)M will be associated to a GW signal visible at
PTA-SKA frequencies. Interestingly, the comparison between the peak of the present PBH
distribution and the peak of this GW signal will allow us to obtain information on
√AM,
and therefore on the evolution of the PBH subsequent to their formation.
7 Conclusion and Outlook
Cosmic Microwave Background [50] and Large Scale Structure (LSS) [68] measurements
strongly support the paradigm of primordial inflation. However, they only probe the range
of wave numbers 10−4 Mpc−1 <∼ k <∼ 0.1 Mpc−1, corresponding to about 7 e-folds of inflation.
We have currently little or no direct experimental information on the physics of inflation
at later times / smaller scales, apart from the limits on the amount of scalar perturbations
resulting from bounds on PBH and ultracompact minihalos [69, 70]. If present, PBH can
provide a new experimental window on smaller scales than those relevant for CMB and LSS
observations [2]. Of particular interest is the M ∼ 1− 100 M range of PBH masses. PBH
in this range may be responsible for the GW signal observed at LIGO [4, 26, 27]. Moreover,
the revision of the CMB bounds on PBH in this mass range [46], and uncertainties on the
Eridanus II limits [43] allow for the possibility that a distribution of PBH masses in this
range could constitute all of the dark matter in the Universe.
This mass interval corresponds to modes that left the horizon about 40 e-folds before
the end of inflation (see Eq. A.2, where we assume that NCMB = 60). This scale corresponds
to a present frequency of f = O(nHz), which can be probed at PTA.16 The sensitivity of
PTA measurements will soon dramatically improve with the SKA experiment.
There are two mechanisms responsible for a SGWB at these scales, associated with
PBH. One is the production of GW from the enhanced curvature perturbations when they
re-enter the horizon after inflation. This is a completely general mechanism, present for
all models of PBH. The second mechanism is production during inflation, from the same
inflationary physics that was responsible for the scalar curvature modes. Both these GW
signals are generated at scales corresponding to those of the enhanced scalar modes. Their
precise location and amplitude, when compared with the location and amplitude of the PBH
mass distribution, can offer experimental information on the specific inflationary mechanism
responsible for the PBH generation, and well as on the PBH evolution (via merging and
accretion) after they are formed.
16Another possible range where, in light of the uncertainty of the present experimental limits, a distribution
of PBH masses may give the total dark matter is around M ∼ 10−12M. This corresponds to modes produced
at N ∼ 25 e-folds before the end of inflation, and to a GW signal in the LISA range. We discuss this possibility
in Section 5.2.
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The amplitude of the GW signal is a direct probe of the statistics of the scalar per-
turbations produced during inflation. In this work we considered two different models that
produce the same current PBH distribution (see Figure 8). One model is characterized by a
peak of scalar and primordial GW modes that originate from a rolling axion during inflation,
where the scalar curvature modes obey a χ2 statistics. The second model is characterized by
Gaussian scalar perturbations, and by the absence of primordial GW. The same PBH distri-
bution at present can be obtained from a much smaller amplitude of scalar perturbations in
the Non-Gaussian than in the Gaussian case. As a consequence, the power of the induced
GWB (which is proportional to the square of the power of the curvature modes) is much
smaller in the Non-Gaussian model. We found that the present PTA sensitivity can be used
to discover soon a PBH distribution that significantly contributes to the dark matter of the
universe, depending on the precise location of its peak. On the other hand, for the rolling
axion model, the induced GW signal is dominated by the primordial one, which is below the
current bounds for all values of the peak mass. Most importantly, we found that both the
Gaussian and Non-Gaussian models lead to a signature well above the expected PTA-SKA
sensitivity, and therefore could be efficiently used for the detection of this new SGWB from
PBH formation.
The location of the SGWB peak, when compared to that of the PBH mass distribution
from BHB merging at higher frequencies, will provide important information on the evolution,
via merging and accretion, of the PBH mass distribution. While the primordial and induced
GW signals probe the perturbations before and during the PBH formation, the current PBH
distribution is a function of both the distribution at formation and the subsequent evolution
of the PBH masses. The main components of this evolution are: the mass accretion of each
individual PBH from the surrounding plasma, and the primordial black hole merging. We
parametrized these effects as a change of the position of the peak mass of the distribution
(due to both accretion and merging) as well as an increase of the total mass in PBH (due
to accretion). The increase of mass implies that the original PBH distribution was peaked
at smaller masses than today. The peak frequency of the primordial and induced GW signal
is proportional to the inverse square root of the PBH peak mass at the moment of their
formation (see Eq. (5.3) and the subsequent discussion). Therefore, an increase of the peak
mass due to accretion and merging implies a smaller original peak mass, and a greater
frequency of the primordial and induced GW signal (see the examples shown in Figure 12
for a measure of this effect, and the corresponding discussion).
Finally, we also computed the amount of CMB µ-distortion produced by the curvature
perturbations responsible for the PBH. In the case of trivial PBH evolution (no merging, nor
accretion) the large curvature bump that is required in the Gaussian case produces an amount
of distortion below the current COBE / FIRAS limits, but well above what can be measured
in an experiment such as PIXIE. The χ2 distribution instead produces a distortion which is
only marginally greater than that obtained in the absence of a bump, and below the expected
PIXIE sensitivity. Accretion and merging imply smaller scale primordial perturbations, thus
decreasing the amount of µ-distortion.
To conclude, PBH offer an exciting new possibility for dark matter, with several experi-
mental consequences [1]. They offer a unique window on inflation at scales well below those
probed by LSS and CMB observations. The most promising ranges for PBH dark matter
are accompanied by an induced (and, depending on the model, primordial) GW signal at
either PTA or LISA scales, and well above the sensitivity of these forthcoming experiments.
This detection will provide invaluable experimental information on the specific inflationary
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mechanism responsible for the PBH generation, and well as on the subsequent PBH evolution.
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Appendices
A The M −N relation
In this Appendix we derive the relation between the PBH mass caused by an overdensity
mode produced during inflation, and the number of folds before the end of inflation at which
this mode exited the horizon.
By employing entropy conservation, we can relate the massM of a PBH to the wavenum-
ber k of a density mode that collapsed to form the PBH:
M ' 20 γM
(
k
106 Mpc−1
)−2
. (A.1)
See for instance [31] for the derivation of this equation.17 The density mode collapses into
a PBH when the mode re-enters the horizon during the radiation dominated stage. The
quantity γ is the ratio between the mass collapsing into the PBH and the total mass associated
to that mode within the horizon. In our plots we use the numerical value γ = (1/3)3/2 ' 0.2
suggested by the analytic computation of [60] for a gravitational collapse in the radiation
dominated era (see [67] for a discussion). We stress that the mass value in Eq. (A.1) disregards
any PBH mass growth due to merging or accretion. These effects are discussed in Section 6.
We can relate the wavenumber k of the density mode to the number of e-folds N
before the end of inflation at which this mode exited the horizon. We start by writing
k
kCMB
= aHaCMBHCMB , where we take kCMB = 0.002 Mpc
−1 corresponding to the Planck pivot
scale. The scale factor during inflation grows as a = aCMB exp[NCMB −N ]. Using slow roll,
we can also write H = HCMB exp[φ(NCMB −N)], where φ = M
2
p
2
(
1
V
dV
dφ
)2
is the standard
slow-roll parameter.18 Using all this, Eq. (A.1) can be rewritten as
M ' 5× 1018M γ exp [2(N −NCMB)(1− φ)] . (A.2)
17Our numerical value 20 is about 18% greater than the one of [31] since we are taking Ωradh
2 ' 4.2×10−5,
in contrast to the value Ωradh
2 ' 3.6 × 10−5 used in [31]. Our numerical value follows from the ratio
Ωmh
2/(1 + zeq.), with the two quantities taken from Table 4 of [71]. As in [31], we take g∗ = 10.75 for
the number of degrees of freedom in the thermal bath when the mode responsible for the PBH re-enters the
horizon. In principle, this value does not apply to the full PBH masses that we are considering, however, the
value of M in (A.1) scales as g
−1/6
∗ , and so fixing g∗ = 10.75 introduces a negligible error in comparison with
the uncertainties associated to PBH collapse.
18Our derivation, and Eq. (A.2), assumes that φ is constant from NCMB to N . The largest value for this
interval considered in this work corresponds to modes at LISA scales, for whichNCMB−N ' 35. The parameter
φ changes to second order in slow roll, and, typically, the quantity 1− φ in Eq. (A.2) changes by a negligible
amount in this interval. For this reason, we kept φ constant in our study. It is however straightforward to
generalize Eq. (A.2) to the case of varying φ, once a specific inflaton potential is considered.
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B The rolling axion bump model
In this Appendix we summarize the model introduced in [49] and used in [16] to produce
PBH from inflation. We refer the interested reader to these works from more details. The
lagrangian of the model is
L = −1
2
(∂φ)2 − Vφ (φ)− 1
2
(∂σ)2 − Vσ(σ)− 1
4
F 2 − α σ
4fσ
FF˜ , (B.1)
where φ is the inflaton field, σ is a pseudo-scalar (axion) spectator field (ie. different from
the inflaton and subdominant in energy density) whose motion leads to gauge field amplifi-
cation, fσ is a mass scale (often denoted as the axion decay constant) and α a dimensionless
parameter. The potential for σ is chosen to be the simplest one typically associated to a
pseudo-scalar, Vσ (σ) = Λ
4/2
[
1 + cos σfσ
]
. The curvature of this potential provides a mass
mσ = Λ
2/2f in the minimum, and we parametrize by δ the ratio δ ≡ m2σ/3H2, where H is
the Hubble rate during inflation, and we fix δ <∼ 1. It is easy to verify that, for this choice, the
axion has a significant evolution in this potential for a number of e-folds equal to ∆N ' 1/δ
[49].
The motion of the axion amplifies gauge field modes that exit the horizon during this
time interval. These modes source both scalar and tensor primordial perturbations of com-
parable wavelength. This results in a bump in the scalar and tensor perturbations, near the
modes that left the horizon in this period, and well fitted by the second terms in the relations
(3.3) and (3.4). The spectra are characterized by three free parameters of the model: (i) the
time during inflation at which the roll of σ occurs; this is immediately related to the position
of the peaks ks,peak and kt,peak in (comoving) momentum space; (ii) the number of e-folds
∆N ' 1/δ for which the roll takes place; this is immediately related to the width σ2s and σ2t
of the two peaks; (iii) the combination ξ∗ ≡ α |σ˙∗|/(2fσH), to which the height of the two
peaks is exponentially sensitive; in this relation, σ∗ is the maximum speed attained by σ in
its slow-roll. Typically, the PBH limits are saturated for ξ∗ ∼ 5 − 6. The explicit relations
between the model parameters and the power spectra (3.3) and (3.4) are given in Eq. (4.5)
and (4.6) of [16].
Ref. [72] studied under which conditions this mechanism is under perturbative control.
Only the two cases δ = 0.2 and δ = 0.5 were studied in that work. It was found that
perturbativity requires
(
ΩGW h
2
2× 10−9
)1/4
peak
<∼
fσ
Mp
<∼ 1 , for δ = 0.2 ,(
ΩGW h
2
6× 10−8
)1/4
peak
<∼
fσ
Mp
<∼ 1 , for δ = 0.5 , (B.2)
where ΩGW is the fractional energy density in the sourced GW per logarithmic k interval.
We see that the case δ = 0.2 is the more restrictive of the two. In general, we expect the
lower bound to be a smooth function of δ. In this work we consider values of δ in the [0.2, 0.5]
interval. All cases we studied satisfy the condition (B.2) (in fact, they all satisfy the first
among (B.2), which is the stronger condition in this interval).
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C Stochastic GW Backgrounds (SGWB)
We denote as hij the transverse and traceless spatial components of the metric perturbations.
These modes, when inside the horizon, satisfy k2|hk(η)|2 = |h′k(η)|2 (where prime denotes
derivative wrt conformal time) and their energy density per logarithmic wavenumber is
ΩGW(k, η) =
1
ρc
d ρGW
d ln k
=
1
3H2M2p
M2p
4a2
d
d ln k
〈h′2ij 〉 =
1
12 a2H2
d
d ln k
〈
(∂~xhij)2
〉
=
1
12 a2H2
d
d ln k
〈(∫
d3k
(2pi)3/2
i~k ei~k·~x
∑
λ
Π∗ij,λ(~k) hˆλ(~k, η)
)2〉
. (C.1)
In this expression, f (t) denotes the time average of the oscillating function f (t) over one
period. We have also decomposed the GW into positive and negative helicities hλ (the explicit
expression for the Πij,λ projectors can be found for instance in ref. [49]).
Once evaluated at the current time η0, the expression (C.1) gives
ΩGW(k, η0) ' Ωrad,0 k
2
24 a2H2
∑
λ
Pλ , (C.2)
where
〈hˆλ(~k, η) hˆλ′(~k′, η)〉 ≡ 2pi
2
k3
δ3(~k + ~k′) δλλ′ Pλ , (C.3)
is the GW power spectrum.
In models of PBH, various physical processes contribute to the stochastic GW back-
ground, as discussed at the beginning of Section 4. Throughout this work, we mostly con-
centrate on the “primordial” GW hp produced during inflation, and on the “induced” GW
hi sourced by the scalar primordial perturbations when they re-enter the horizon during the
radiation dominated era. Accounting also for the (negligible) vacuum GW signal hv produced
during inflation, this results into
ΩGW(k, η0) =
Ωrad,0 k
2
24 a2H2
(∑
λ
Phv,λ + Php,λ + 2Php hi,λ + Phi,λ
)
' Ωrad,0 k
2
24 a2H2
(
Php,+ + P
pi
h +
∑
λ
Phv,λ + Phi,λ
)
. (C.4)
We note that the vacuum and the induced GW signals are helicity-independent. On the
contrary, one helicity of the primordial GW is much smaller than the other one, and can be
disregarded. The cross-correlation P pih includes only the dominant helicity.
D Auto-Correlation 〈hihi〉 and the zero-width approximation
In this section we compute the diagrams shown in Figure 6, contributing to the power spec-
trum (4.6) of the induced GW. In the first of the three diagrams we note the presence of two
internal power spectra of the sourced scalar perturbations, given by the second term in (3.3).
Using this result, the diagram becomes a one loop diagram, which we evaluate numerically
through Eq. (4.3). The other two diagrams are genuinely 3-loop diagrams, so in addition to
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the two time integrals shown explicitly in Eq. (4.6), they involve 8 dimensional integrals in
momentum space.19
Rather than performing a 10 dimensional integration, we estimate the last two diagrams
by exploiting the fact that the sourcing gauge fields are very peaked in momentum space.
The exact amplitude of the vector fields in the rolling axion bump model is given by [49, 72]
A+ (τ, k) ' N
[
ξ∗, x∗ ≡ k
k∗
, δ
] ( −τ
8 k ξ (τ)
)1/4
exp
[
−4ξ
1/2
∗
1 + δ
( −τ
−τ∗
)δ/2
(−kτ)1/2
]
, (D.1)
where τ is conformal time (which is negative during inflation, τ ' −1/H) and τ∗ is the time
at which the axion rolls fastest, and we have used ξ(τ) = α |σ′|/(2fH), with ξ∗ ≡ ξ (τ∗). The
normalization factor can be well fitted by a log-normal shape as shown in [72]
N
[
ξ∗, x∗ ≡ k
k∗
, δ
]
≈ Nc [ξ∗, δ] exp
[
− 1
2σ2A [ξ∗, δ]
ln2
(
x∗
qcA [ξ∗, δ]
)]
, (D.2)
and the functional dependence of Nc, σ
2
A, q
c
A on ξ∗ and δ is given in Ref. [72]. The parameter
qcA is an order-one number, and therefore the gauge field amplitude (D.2) exhibits a peak in
momentum space at k ∼ k∗, namely at the scales that left the horizon when the axion rolled
fastest. As the gauge fields source both scalar and tensor modes, this peak is the origin of
the bumps in the scalar perturbations and gravitational waves produced in this model.
In the zero-width approximation, we replace the exact gauge field profile with a Dirac
delta function, with support at k = qcA k∗. More concretely, the approximation is done
after writing the gauge field propagators. Each propagator is proportional to N2, and we
approximate
N2
(
p
k∗
, ξ∗, δ
)
→ N2app
(
p
k∗
, ξ∗, δ
)
≡ N 2 (ξ∗, δ) δ
(
ln
p
qcA k∗
)
, (D.3)
where p is the magnitude of the internal momentum of the corresponding gauge field, and
where N 2 must be chosen so that the integral over p using the approximate propagator gives
a good estimate of the exact integral.
The amplitudes can be written as the appropriate power of the external momentum
time dimensionless ratios involving external and internal momenta. As all the gauge fields
wavefunctions are peaked at p = qcA k∗, all the internal momenta in the diagrams are com-
parable to each other, and comparable to the external momentum. Therefore each internal
momentum integral has a measure of the type
∫
dp/p times an order-one factor. We use this
measure to determine N . Specifically, we require that∫
dp
p
N2
(
p
k∗
, ξ∗, δ
)
=
∫
dp
p
N2app
(
p
k∗
, ξ∗, δ
)
. (D.4)
Using the expression (D.2), the integration at the left hand side gives
√
piN2c σA. The integral
at the right hand side is by definition N 2. Therefore, our zero-width approximation consists
19We start from 3 arbitrary internal momenta, parametrized by 3 coordinates each; without loss of generality,
we are free to orient the external momentum k along the z−axis, and to orient one of the internal momenta, say
p1 in the x−z plane, multiplying the final result by 2pi (by statistical isotropy, this is equivalent to performing
one integration in which all the internal momenta rotate, in such a way that the internal momentum p1 rotates
at a fixed angle with respect to k).
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in writing the exact amplitude, and then replace
N2
(
p
k∗
, ξ∗, δ
)
→ pi1/2N2c (ξ∗, δ) σA [ξ∗, δ] δ
(
ln
p
qcA k∗
)
, (D.5)
in each gauge field propagator. As there are four gauge field propagators in each diagram,
this introduces four δ-functions, that considerably simplify the 8-dimensional momentum
integration.
The prescription (D.5) is just one simplifying procedure, among many possible ones.
Eventually, its goodness can only be understood by comparing exact and approximate results.
We can do so for the Reducible diagram (the first in Figure 6), for which we have the exact
result (obtained by evaluating the one loop expression (4.3)) as well as the approximate one
(given in the next subsection). The exact and the approximate results for this diagram are
shown in Figure 7) where one can see that they lead to two bumps in the GW signal that
differ from each other by a factor of ∼ 2 (both in the amplitude and the position of the peak).
This allows us to conclude that the zero-width approximation (D.5) can indeed be used to
estimate the order of magnitude of the second and third diagram of Figure 6.
The remainder of this appendix is divided into three parts, in which we give the explicit
expression of the integrand of the three diagrams of Figure 6 in the zero-width approximation.
D.1 Reducible diagram
We now give the explicit expression of the integrand of the Reducible diagram in the zero-
width approximation. Referring to the first diagram in Figure 6, we label the external
momentum as k (going from left to right in the diagram), and we label the internal momenta
in the first, second, and third gauge field propagator (from top down), as u, n, and v,
respectively (all going from left to right in the diagram). All the other momenta in the
diagram can be obtained from these ones, using momentum conservation at each vertex.
With this parametrization we can immediately perform the three integrals
∫
du
∫
dn
∫
dv
using the Dirac δ-function in (D.5).
Using this diagram in Eq. (4.6), and rescaling the final result as in Eq. (C.4), we obtain
ΩReducibleGW h
2(t0) =
Ωrad,0 h
2(kηeval)
2
12
(PFζ)
4 (Nc(ξ∗, δ)
√
pi σA)
4
(2pi)11
×
∫
dΩu dΩn dΩv
(
1−
(
k · (u+ n)
k |u+ n|
)2)2(4pc2 − |u+ n|2
2pc2
)2 (
4pc
2 − |k− u− n|2
2pc2
)2
×
p14c δ (|k− u− n− v| − pc)
k |u+ n|4 |k− u− n|8 T
2
ind
( |u+ n|
k
,
|k− u− n|
k
, ηeval
)
×
T 2ζ
(
|u+ n|, 2
√
pc
|u+ n|
)
T 2ζ
(
|k− u− n|, 2
√
pc
|k− u− n|
)
, (D.6)
where pc = q
c
Ak∗ (the support of the δ-function). We now discuss the various quantities
entering in this expression.
The quantity PFζ is a prefactor associated to each scalar propagator, and it reads
PFζ ≡ 3pi
3/2 H2 α δ
8
√
2 M2p
. (D.7)
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In Eq. (D.6), it multiplies the prefactor of each of the four δ-functions arising from the zero-
width approximation. We have used three of these δ-function to reduce the integral over
internal momenta into a six-dimensional angular integral. We note that one δ-function (the
one associated with the bottom gauge field propagator in the diagram) has not yet been
imposed, and it is still present in Eq. (D.6). We also note that one angular integral can be
trivially done, as discussed at the beginning of this Appendix.
The first parenthesis on the second line of Eq. (D.6) arises from the polarization opera-
tors of the gravitational waves; the next two parenthesis arise from the polarization operators
of the gauge fields in the propagators. The product T 2ind accounts for the two time integrations
in the beginning Eq. (4.6); each term is given by
Tind(A,B, ηeval) ≡ 16
9 (xeval)
∫ xeval
0
dx′x′ sin(xeval − x′)FT
(
Ax′, B x′
)
(D.8)
where FT is given in Eq. (4.4), and where xeval ≡ kηeval, with η being conformal time. For
each mode, we choose xeval = 20, namely we evaluate this expression when the GW mode is
well within the horizon (at this moment, the ζζ → hi has at all effects concluded, namely h
evolves as if it was a free mode).
Finally, the two quantities T 2ζ are time integrals arising from the four propagators of
the scalar perturbations, and account for the fact that these modes are sourced by the gauge
fields during inflation. Their explicit expressions is given in Eq. (C.8) of [49].
D.2 Planar Diagram
We now give the explicit expression of the integrand of the Planar diagram in the zero-width
approximation. Referring to the second diagram in Figure 6, we label the external momentum
as k (going from left to right in the diagram), the internal momentum of the top gauge field
propagator as u (going from left to right), the internal momentum of the left gauge field
propagator as n (going from up to down) and the internal momentum of the right gauge
field propagator as z (going from down to up). Proceeding as in the previous subsection, we
obtain
ΩPDGWh
2(t0) =
Ωrad,0 h
2(kηeval)
2
12
× 32 (PFζ)
4 (Nc(ξ∗, δ)
√
pi σA)
4
(2pi)11
∫
dΩu dΩn dΩz
(
1−
(
k · (u+ n)
k |u+ n|
)2)
(
1−
(
k · (u+ z)
k |u+ z|
)2) Tind ( |u+n|k , |k−u−n|k , ηeval) Tind ( |u+z|k , |k−u−z|k , ηeval) pc14
k2 |u+ n|2 |k− u− n|4 |u+ z|2 |k− u− z|4
Tζ
(
|u+ n|, 2
√
pc
|u+ n|
)
Tζ
(
|k− u− n|, 2
√
pc
|k− u− n|
)
Tζ
(
|u+ z|, 2
√
pc
|u+ z|
)
Tζ
(
|k− u− z|, 2
√
pc
|k− u− z|
)
δ
(
cos θuk − k
2pc
)
× planar , (D.9)
where
planar =
(
~+(u) · ~+(n)) (~+(−n) · ~+(k− u)) (~+(−u) · ~+(−z)) (~+(z) · ~+(u− k)) ,
(D.10)
arising from polarization operators of the vector fields, and where the other quantities have
been given in the previous subsection.
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D.3 Non-Planar Diagram
We now give the explicit expression of the integrand of the Non-Planar diagram in the zero-
width approximation. Referring to the third diagram in Figure 6, we label the external
momentum as k (going from left to right in the diagram), the internal momentum of the
gauge field propagator going from top left to top right as u, the internal momentum of the
gauge field propagator going from top left to bottom right as n, and the internal momentum
of the gauge field propagator going from bottom left to top right as v. Proceeding as in the
previous subsections, we obtain
ΩNPDGW h
2(t0) =
Ωrad,0 h
2(kηeval)
2
12
× 32 (PFζ)
4 (Nc(ξ∗)
√
pi σA)
4
(2pi)11
∫
dΩu dΩn dΩv
(
1−
(
k · (u+ n)
k |u+ n|
)2)
(
1−
(
k · (u+ v)
k |u+ v|
)2) Tind ( |u+n|k , |k−u−n|k , ηeval) Tind ( |u+v|k , |k−u−v|k , ηeval) pc14
k |u+ n|2 |k− u− n|4 |u+ v|2 |k− u− v|4
Tζ
(
|u+ n|, 2
√
pc
|u+ n|
)
Tζ
(
|k− u− n|, 2
√
pc
|k− u− n|
)
Tζ
(
|u+ v|, 2
√
pc
|u+ v|
)
Tζ
(
|k− u− v|, 2
√
pc
|k− u− v|
)
δ (|k− u− n− v| − pc) nonplanar , (D.11)
with
nonplanar =
(
~+(u) · ~+(n)) (~+(v) · ~+(k− u− n− v))×(
~+(−u) · ~+(−v)) (~+(−n) · ~+(−(k− u− n− v))) , (D.12)
again arising from polarization operators of the vector fields.
E Cross Correlation 〈hphi〉
In this appendix we provide the expression for the mixed correlator between the primordial
and the induced GW. We start from Eq. (4.7) and rewrite the result in terms of its con-
tribution to Eq. (C.4). The contribution is expressed by the second and third diagram of
Figure 5. Referring to the third diagram, we label the external momentum as k (going from
left to right in the diagram), the internal momentum of the upper scalar propagator as p
(going from left to right), and the internal momentum of the upper gauge field propagator
as q (going from right to left). The two diagrams give an identical result, and their sum is
given by the integral
Ωmixed−termGW h
2(t0) =
Ωrad,0 h
2(kηeval)
2
24
× 16 (PFh) (PFζ)
2
(2pi)8(kηeval)
∫
d3p d3q N2
(
q
k∗
, ξ∗, δ
)
N2
( |p+ q|
k∗
, ξ∗, δ
)
N2
( |k+ q|
k∗
, ξ∗, δ
) |p+ q |1/2q1/2 |k+ q|1/2(q1/2 + |p+ q|1/2) (|k+ q|1/2 + |p+ q|1/2)
k1/2 p4 |k− p|4 Tind
(
p
k
,
|k− p|
k
, ηeval
)
Th
(
k
k∗
,
√
q +
√|k+ q|√
k
)
Tζ
(
p
k∗
,
√
q +
√|p+ q|√
p
)
Tζ
(
|k− p|
k∗
,
√|p+ q|+√|k+ q|√|k− p|
)
mixed−term , (E.1)
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with
mixed−term =
(
~+(−k) · pˆ)2 (~+(−q) · ~+(p+ q)) (~+(−p− q) · ~+(k+ q))×(
~+(k) · ~+(q)) (~+(k) · ~+(−k− q)) , (E.2)
arising from the polarization operators of the GW and of the gauge fields. We have also
introduced the quantity
PFh =
√
2 H2
Mp2
, (E.3)
arising from a prefactor in the expression of hp (see Eq. (D.6) of [49]).
F Simple parametrization of the PBH evolution and present abundance
In this Appendix we derive the relation (6.1) of the main text. We follow the computations of
[67] up to Eq. (F.5), and we then introduce two parameters to account for PBH nontrivial
evolution (accretion and merging after their formation). We start by relating time and
temperature during radiation domination. In a radiation dominated universe the Hubble
rate H is related to time by H = 12t . From the Friedmann relation H
2 = ρ
3M2p
, and from the
energy density in a thermal bath of temperature T , given by ρ = pi
2
30 g∗T
4, where g∗ is the
number of effective bosonic degrees of freedom at the temperature T , one obtains
t = 0.74 s
( g∗
10.75
)−1/2 ( T
MeV
)−2
. (F.1)
We denote by Mf the PBH mass at formation, by tf the formation time, and by Tf the
temperature at this moment. The PBH formation occurs when a mode re-enters the horizon
during the radiation dominated era, and the PBH mass at this moment is equal to the mass
inside the horizon (namely, in the volume 4pi3 H
−3) times an efficiency factor γ = O (10−1).
This gives
Mf = 2.0× 105 γ
(
tf
s
)
M = 1.5× 105 γM
( g∗
10.75
)−1/2 ( Tf
MeV
)−2
. (F.2)
For a distribution of PBH formation masses Mf the quantity β gives the ratio
20 at
the time tf between the PBH energy density of the mass Mf (more specifically, of the
corresponding logarithmic interval) and the background energy density
β
(
Mf
M
)
=
1
ργ
dρPBH (Mf , tf )
d lnMf
=
4/3
s (tf )Tf
dρPBH (Mf , tf )
d lnMf
, (F.3)
where s the entropy density of the thermal bath.
We solve Eq. (F.2) as an expression for the formation temperature, and we insert it in
Eq. (F.3) to write
dρPBH (Mf , tf )
d lnMf
= 290 γ1/2
√
M
Mf
β
(
Mf
M
)
s (tf ) MeV , (F.4)
20For notational convenience, we express the functional dependence of β on the PBH mass in terms of the
ratio Mf/M.
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where here and in the following we fix g∗ = 10.75, ignoring the weak dependence of g
1/4
∗ on
temperature (doing so induces an error that is much smaller than the uncertainties on the
other parameters, as for instance γ and the merging and accretion parameters introduced
below).
Without PBH accretion and merging, the PBH energy density between the time tf and
the present time t0 scales as the inverse volume of the universe, analogously to the entropy
density. Therefore, under this assumption [67], Eq. (F.4) also holds true if we evaluate both
ρPBH and s at the present time. Doing so, and dividing the resulting expression by the
present energy density of dark matter gives
fPBH (Mf , t0) ≡ 1
ρCDM (t0)
dρPBH (Mf , t0)
d lnMf
= 290 γ1/2
√
M
Mf
β
(
Mf
M
)
s (t0) MeV
ρcrit,0 ΩCDM
= 6.7× 108 γ1/2
√
M
Mf
β
(
Mf
M
)
, no accretion nor merging , (F.5)
where ΩCDMh
2 = 0.12 [71] has been used. We note that in this relation Mf gives both the
PBH mass at formation, and today, since accretion and merging are neglected here.
We extend this relation with a simple parametrization to account for merging and
accretion. We assume that each PBH mass increases by a factor A > 1 due to accretion from
the surrounding plasma. Realistically, we expect A to be function of the PBH mass and of
time. However, a single parameter A is a reasonable simplifying assumption if β is narrowly
peaked. (We also expect that A depends on the specific environment where the PBH is
located. This is not captured by our parametrization.) Under this assumption, accretion
leads to the present value M = AMf for the PBH mass, and to the increase of the total
energy density in PBH ρPBH (t0) = A× ρPBH (t0, A = 1). We then parametrize merging also
with a single parameter, by assuming that merging shifts the peak of PBH distribution by a
factor M > 1, without changing its shape, nor the total energy density in PBH.
As a consequence of these effects, the distribution (F.5) is changed into
fPBH (M, t0, A,M) ' 6.7× 108 γ1/2A
√
AMM
M
β
(
M
AMM
)
. (F.6)
This expression reduces to (F.5) in the case of no accretion and merging, A =M = 1.
In the single mass limit, β (x) ∝ δ (x− m¯), (where δ is the Dirac delta function) the
shift changes the PBH mass from its formation value Mf = m¯M to the present value
M = AM m¯M. In generality (namely, for an arbitrary distribution), the full distribution β
is shifted towards greater values without changing shape. Finally, the total energy associated
with (F.6) is
ρPBH (t0, A,M)
ρCDM (t0)
=
∫
dM
M
fPBH (M, t0, A,M)
= A×
∫
dM
M
fPBH (M, t0, A = 1,M = 1) = A× ρPBH (t0, A = 1,M = 1)
ρCDM (t0)
, (F.7)
namely it is increased by accretion, but not by merging, as required.
– 28 –
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